We propose a spectroscopic method to determine the existence of an electronic Wigner lattice at a given electron density n, . We derive the "perpendicular" excited states of the two-dimensional Wigner lattice on a dielectric layer with a metallic substrate, and compare them with the corresponding excited states of the two-dimensional electron gas at the same electron densities. The transitions from the ground to the first excited state are studied in detail and we have found a significant dift'erence between the lattice and the gas excitation energies for n~1 0' cm . In that sense, the spectroscopy of electronic transitions can prove the existence of a Wigner lattice and a rapid change in the excitation spectrum can serve for determination of the lattice melting temperature. A linear Stark e6'ect in the case of a Wigner lattice is also analyzed.
I. INTRODUCTION
The two-dimensional (2D) electron gas and its crystallization into a regular lattice at low electron densities has been extensively investigated since the electron lattice was predicted by Wigner almost 60 years ago. ' However, an experimental detection of a Wigner lattice was a tedious task and it was found for 2D electrons on a liquid He surface by detecting a change in the microwave absorption due to the excitation of coupled plasmon-ripplon modes parallel to the He surface.
Here we wish to present the possibility of another more direct way, based on the microwave absorption due to the perpendicular excitation of electrons in the lattice. A similar experiment was already performed but at very low electron densities (n (10 cm ), where the electron energy is mainly determined by the image potential of the substrate (liquid helium) . In that case the electron-electron interaction is quite negligible, so that the 2D electron gas and the 2D Wigner lattice will have practically the same excitation spectra [see Fig. 2(a) ].
At higher electron densities (n ) 10 cm ) the electron-electron interaction begins to dominate over the image potential. In that case the calculation should give the di8'erent excitation spectra for electrons in the gas and crystal phases, and the analysis of experimental data could determine the phase for a given 2D electron density. Here, by 2D electrons we assume a quasi-2D electron system with perpendicular delocalization of an electron wave function.
The excitation spectrum in the 2D gas phase was already calculated for a wide range of electron densities. 
The first two terms in the brackets were already described, V"'(z) is the local exchange-correlation potential, and P(z) is the electrostatic potential due to the (average) electron density (z n) = g n,~u, (z )J Here, n is the density of occupied states in the jth perpendicular subband.
The potential P(z) satisfies the Poisson equation with the density n (z), so we can write it in the integral form (15) shows clearly that the attractive k )0 components of the lattice potential 8'" in a %'igner lattice are replaced by the attractive exchange-correlation potential V" of an electron gas. The main problem in the Kohn-Sham approach is in deriving the effective potential V"'(z). As we have pointed out, Eq. (10) was already solved self-consistently, with the Hedin-Lundqvist' form for V"'(z). This simple form was originally derived for a 3D electron gas but can also be successfully applied to the 2D electron gas, as described in detail, e.g. , in Ref. 12 . Although more refined forms of V"'(z) were also proposed, " ' calculations have shown that V"'(z) has an important infiuence on the ground-state energy of the 2D electron gas, but has little inhuence on the excitation spectrum at densities n~1 0' cm . ' Also, the difference between the self-consistent and the variational approaches at those densities is expected to be small. ' In that sense, we shall use the Hedin Fig. 2(a) Fig. 2 as functions of electron density n. The 0 -+1 excitation energies of a 2D electron gas are also shown to emphasize the differences between these two systems. The measurements of the 0~1 transition at electron densities where these diff'erences are significant ( 1 meV in Fig. 2 ) can lead to determination of the phase of 2D electrons for a given temperature.
By changing the temperature, the phase transition should also be detected as the rapid change in the electronic excitation energy.
Significant difference between the crystal and gas phases is obtained at densities n~10 cm for the semiinfinite He substrate [ Fig. 2(a) ]. Early evidence of the Wigner lattice was obtained exactly at these densities (10 cm &n &10 cm ), so our theory can be experimentally verified.
For a thin He layer on a metallic substrate, or in the case of an Ar layer [ Fig. 2(b) 
